We propose an approach which enables one to obtain simultaneously the glueball mass and the gluon mass in the gauge-invariant way to shed new light on the mass gap problem in Yang-Mills theory. First, we point out that the Faddeev (Skyrme-Faddeev-Niemi) model can be induced through the gaugeinvariant vacuum condensate of mass dimension two from SU(2) Yang-Mills theory. Second, we obtain the glueball mass spectrum by performing the collective coordinate quantization of the topological knot soliton in the Faddeev model. Third, we demonstrate that a relationship between the glueball mass and the gluon mass is obtained, since the gauge-invariant gluon mass is also induced from the relevant vacuum condensate. Finally, we determine physical values of two parameters in the Faddeev model and give an estimate of the relevant vacuum condensation in Yang-Mills theory. Our results indicate that the Faddeev model can play the role of a low-energy effective theory of the quantum SU(2) Yang-Mills theory.
Introduction
It is widely accepted that the quantized Yang-Mills theory, i.e., quantum gluodynamics (QGD) is the fundamental theory for the strong force. In the high-energy region, the perturbative expansion in the coupling constant gives an efficient method for calculations by virtue of the ultraviolet asymptotic freedom. In the low-energy region, however, some non-perturbative methods are needed to tame the strong coupling problem. It is rather difficult to perform the analytical calculation to derive non-perturbative results keeping the gauge invariance manifest. In such a case, it is sometimes useful to investigate the corresponding low-energy effective theory (LEET) instead of tackling the fundamental theory itself.
In this paper, we demonstrate that the Faddeev (or Faddeev-Niemi) model [1] can be used as a realistic LEET of SU(2) Yang-Mills theory by deriving the gaugeinvariant glueball mass and gluon mass of the original Yang-Mills theory from the Faddeev model. In fact, it was suggested in a previous paper [2] that the Faddeev model is obtained as a low-energy effective theory of QGD by performing the nonlinear change of variables (NLCV) of the gluon field A µ [3] and assuming the existence of novel gauge-invariant vacuum condensation X 2 µ YM of mass dimension two 1 [4] . The relationship between Yang-Mills theory and the Faddeev model is similar in spirit to that between QCD and the Skyrme model which expresses baryons as topological solitons of the meson field [9] .
The relevant NLCV for SU(2) gluon field A µ (x) is represented by introducing the unit vector field n(x) = (n A (x)), (A = 1, 2, 3) as 2 A µ (x) =c µ (x)n(x) + ig −1 [n(x), ∂ µ n(x)] + X µ (x), 2tr(n(x)n(x)) = 1, tr(n(x)X µ (x)) = 0,
where we have used the su(2) valued field: n(x) := n A (x)T A , X µ (x) := X A µ (x)T A , T A = 1 2 σ A , (σ A : Pauli matrices) and c µ and X µ are specified by n and A µ as c µ (x) = 2tr(n(x)A µ (x)), X µ (x) = −ig −1 [n(x), D µ [A ]n(x)].
The existence of gauge-invariant vacuum condensate of mass dimension two X 2 µ YM has the following implications.
(1) The gauge-invariant gluon mass is deduced from the four-gluon interaction − 1 4 g 2 (X µ × X ν ) 2 . For example, a simple self-consistent treatment in the mean field or Hartree-Fock appoximation leads to the replacement:
1 This vacuum condensation corresponds to a gauge-invariant version of the on-shell BRSTinvariant vacuum condensation of mass dimension two in the modified Maximal Abelian gauge and the generalized Lorentz gauge proposed in [5] . The existence of X 2 µ YM = 0 in the original Yang-Mills theory has been examined in numerical simulations [4] . The analytical treatment of this condensate will be given elsewhere and is not discussed in this paper. 2 This form of NLCV was known as the CFN decomposition [6, 7, 8] proposed by Cho [6] and Faddeev-Niemi [7] . In [3] , three of the authors have given a new viewpoint of the CFN decomposition on which this paper is based.
Therefore, X-gluons (off-diagonal gluons) acquire the mass M X = g 2 −X 2 ρ YM and eventually decouple in the low-energy region below this scale. After integrating out the X-gluon field, the resulting LEET is expected to be written in terms of the vector field n(x) alone. This LEET will agree with the Faddeev model. 3 (2) The (gauge-invariant) glueball mass can be derived from the Faddeev model with the Lagrangian density:
where the bare (tree) values of the parameters are given by [2] 
Then the two parameters Λ F and C 4 in the Faddeev model are gauge invariant in the original Yang-Mills theory under this identification and the physical quantities calculated in the Faddeev model are automatically guaranteed to be gauge-invariant in the original Yang-Mills theory.
(3) Quark confinement is expected to follow from the non-vanishing string tension σ (as a coefficient of the linear quark-antiquark potential V (r) = σr) which is proportional to X 2 µ YM :
There exists an intimate relationship between the glue-knot and the magnetic monopole which is a basic ingredient in the dual superconductor picture for quark confinement. This issue will be discussed in a subsequent paper. Thus, our approach presents an efficient framework for understanding the mass gap in Yang-Mills theory and quark confinement in QCD. In this paper, as a step along this line, we derive glueball mass spectra by performing the collective coordinate quantization of knot soliton solution in the Faddeev model. Glueballs are identified with knot solitons and their excitations. The knot soliton is a topological soliton with non-vanishing Hopf index Q H whose existence is suggested by the non-trivial Homotopy group π 3 (S 2 ) = Z. We can determine the two parameters Λ F and C 4 of the Faddeev model by using two glueball masses M 0 ++ and M 2 ++ for 0 ++ and 2 ++ (obtained by numerical simulations on a lattice) as inputs to predict glueball masses other than 0 ++ and 2 ++ . Finally, we estimate the gluon mass M X and estimate the vacuum condensation −X 2 µ YM of the original Yang-Mills theory.
Classical knot soliton solution
First, we obtain the knot soliton as a static and finite-energy solution n( x) of the Faddeev model with the energy given by
The energy E Λ F ,C 4 [ n( x)] as a functional of n( x) for arbitrary values of the two parameters Λ F and C 4 obeys the scaling relation:
Once the solution n * minimizing E 1,1 is known, therefore, the solution corresponding to E Λ F ,C 4 is given by
and the mass of the knot soliton for arbitrary parameters obeys the relation
In what follows, * denotes the quantity calculated at Λ F = 1 and C 4 = 1.
We adopt a simplified version [12] of the toroidal ansatz [13] :
where m and n are non-zero integers, and the toroidal coordinate (η, ξ, ϕ) is given by
It is easy to understand that the Hopf topological charge of the Hopfion (static soliton solution with non-zero Hopf topological charges) under this ansatz is given by
since the Hopf charge is equivalent to the linking number of two circles (in S 3 ) obtained as preimages of two distinct points in the target space S 2 . See Fig. 1 . After performing angular integrations over ϕ and ξ under the toroidal ansatz, we find that the energy functional reduces to
where n 3 = u(η) := f 2 (η)−1 f 2 (η)+1 , u ′ := du dη , and V m,n (η) := m 2 + n 2 / sinh 2 η. We obtain the knot soliton solution { n( x)} by varying the energy functional E = Λ 2 F aE (2) + C 4 a −1 E (4) with respect to u and a, where we impose the boundary condition f (η = 0) = ∞, i.e., the north-pole n = (0, 0, 1) at z-axis and f (η = ∞) = 0, i.e., the south-pole n = (0, 0, −1) at the circle C := {x 2 + y 2 = a 2 , z = 0}.
The scaling relation corresponding to (8) is easily derived in the toroidal ansatz:
The variation of E with respect toã yieldsã = E (4) /E (2) which determines the (2) of the circle C, i.e., size of the knot soliton. This relation is substituted back into the energy functional to obtain E =
In Fig. 2 , we plot the numerical solution of the variable
for a knot soliton satisfying boundary conditions u(0) = 1 and u(∞) = −1. The energy density ε(η) as a function of η is concentrated on a finite width which represents the location (thickness) of the knot. The rest mass M of the knot soliton is equal to the energy of the static knot soliton. Our numerical result ( Table 1 below) shows e.g., M * = 465 for m = 1, n = 2; Q H = mn = 2, which is consistent with the previous results [12, 13, 14] . (Left vertical axis)
Quantization of knot soliton
Second, we perform the collective coordinate quantization of the knot soliton solution for the Faddeev model. The collective coordinate quantization for the Faddeev model has already been investigated in [16, 15] . However, the author of [15] has used a different background configuration from ours. The authors of [16] have given more general and mathematical framework for the quantization of the knot soliton than the collective coordinate quantization in the Faddeev model. Moreover, they have discussed the collective coordinate quantization too. However, the necessary expressions and the details of calculations to reproduce their results were not written in the paper [16] , which disables us from utilizing their results. In this paper, we have worked out all the steps of collective coordinate quantization to give explicit expressions and numerical data, following the way similar to [17] . Furthermore, we give an argument for the relationship between the Faddeev model and the original Yang-Mills theory, although the paper [16] aimed at a physical application due to the fermionic quantization of knot solitons which is quite different from ours based on the bosonic quantization.
We observe that for a generic configuration n( x), there exists a nine-parameter set of configurations, all degenerate in energy (zero modes), obtained from n( x) by some combination of translation ( X), spacial rotation (B), and isospin rotation (A):
where we have used the Lie-algebra su(2) valued field: n := n A T A , T A = 1 2 σ A , and the spacial rotation is represented by orthogonal matrices R jk (B) = 1 2 tr(σ j Bσ k B † ). The minimal or semi-classical quantization called the collective coordinate quantization proceeds by promoting the parameters X, A, B to the time-dependent dynamical variables X(t), A(t), B(t) to remove the classical degeneracy of the static configuration. Then the dynamical ansatz adopted in collective coordinate quantization is
where the prime serves distinguishing the dynamical variable n ′ ( x, t) from the static background field n( x). The translational degrees of freedom X(t) can be ignored if the knot soliton is quantized in its rest frame. By inserting this ansatz into the Faddeev Lagrangian density L F and integrating over the three-dimensional space, the Lagrangian in the rest frame is determined to be 4
where the variables a j , b k are defined by a j := −itr(σ j A †Ȧ ) isospin rotation, b j := itr(σ jḂ B † ) spacial rotation, (19) and the inertial tensors are given by
with the angular momentum operator L = (L j ), L j := ǫ jkℓ x k p ℓ = −iǫ jkℓ x k ∂ ℓ . Here, W jk and V jk are obtained from U jk by the replacement:
The scaling relation for the inertial tensor reads, e.g.,
The inertial tensors under the toroidal ansatz have the following properties reflecting the symmetry of the classical background configurations.
i) U jk , W jk and V jk are diagonals and all off-diagonal components vanish except for W 21 = nW 12 = 0 (n = ±1).
ii) a)
The property i) follows from the fact that the off-diagonal components j = k vanish after the angular integration over ϕ by its periodicity. The property ii-a) for the perpendicular components is a direct consequence of the cylindrical symmetry, while ii-b) for the parallel ones comes from the identify which holds for the toroidal ansatz:
The property iii) follows also from explicit calculations. The angular integration over ξ is necessary to show W 11 = 0 = W 22 for all integers n and m, since the angular integration over ϕ alone leads to W 11 = 0 = W 22 (n = ±1) and W 11 = −nW 22 = 0 (n = ±1). This is because the integrand is an odd function of ξ where ξ → −ξ corresponds to the reflection with respect to the z = 0 plane, i.e., x → x, y → y, z → −z.
After lengthy calculations, we obtain the explicit form:
The conjugate momenta corresponding to X j , A and B are P j := ∂L F ∂Ẋ j , K j := ∂L F ∂a j , L j := ∂L F ∂b j , since the variables a j , b k defined by (19) are regarded as generalized velocities in the terminology of analytical dynamics. Here L and K are body-fixed spin and body-fixed isospin angular momenta. (Isospin K becomes the angular momentum operator acting on the target space.) The Hamiltonian defined through the Legendre transform, H F := P jẊj + K j a j + L j b j − L F , is expressed in terms of K j , L j , P j after eliminatingẊ j , a j , b k . Here it should be remarked that there is a primary constraint:
which yields a selection rule for possible glueball spectrum below. The Hamiltonian in the rest frameẊ j = 0 reads
Note that U 11 = U 22 diverges U 11 = U 22 = O(V ) → ∞ as the volume V of the three-dimensional space. Therefore the Hamiltonian reduces to
The Hamiltonian has the same form as the symmetrical top [18] . Thus we obtain the energy eigenvalue in the rest frame of the knot soliton:
where we have used the relationship L 2 = J 2 between the body-fixed spin angular momentum L and the space-fixed (coordinate-fixed) spin angular momentum J, since they are related to each other by spacial rotations: J j = −R jk (B) T L k . For rotations in the target space, only rotations around the third axis are compatible with the boundary conditions and hence we have a relationship K 2 3 = I 2 3 between the bodyfixed isospin angular momentum K and the space-fixed (coordinate-fixed) isospin angular momentum I which are related to each other by rotations:
Thus the energy of the knot soliton is modified after quantization into
where we have used the scaling argument for inertial tensors (23)-(25) and a must be replaced byã in V * 11 and U * 33 , which follows from the substitution of (15). In quantum system, the operators J 2 = L 2 , L 3 , J 3 , I 3 and K 3 form a set of commuting observables and the eigenfunction ψ can be labelled by the quantum numbers L, L 3 , J 3 , I 3 and K 3 . We consider states with given J and I 3 , namely, L = J and K 3 = ±I 3 and L 3 = −nK 3 . We suppress J 3 and I 3 , since we find no constraints on the values of J 3 and I 3 according to [16] . Then the eigenfunction is given by the Wigner Dfunction [18] for a finite rotation:
where α, β, γ are Euler angles and C is a normalization constant C = (2J + 1)/(8π 2 ).
Glueball mass, gluon mass and vacuum condensate
According to the Finkelstein-Rubinstein argument [19] applied to the Faddeev model [16] , the knot soliton behaves as a fermion if |Q H | =odd, whereas it behaves as a boson if |Q H | =even. Therefore, we consider only quantum states with even Hopf charge |Q H | = 2, 4, · · · as candidates for glueball states constructed from gluons with spin-one. Moreover, our numerical calculations for Q H = 2 show that the classical energy M * (the rest mass of the knot soliton) for (n, m) = (2, 1) is lower than the value for (n, m) = (1, 2), see Table 1 . Therefore, we restrict our consideration to the case (n, m) = (2, 1). Thus we adopt a simple identification as inputs:
Note that Parity is given by P = (−1) J for K 3 = 0 and the wavefunction reads D (J) 00 (ϕ, θ, −ϕ) = d J 00 (θ) = P J (cos θ) with no ϕ-dependence for K 3 = 0 = L 3 . Under this identification, the lowest two glueball masses are given by
which yield the mass ratio M 2 ++ /M 0 ++ = 1 + 3C −2 4 /(M * V * 11 ). For m = n, i.e., Q H = m 2 = 1, 4, 9, · · · , the Vakulenko-Kapitanskii lower-bound on the energy [21] by the Hopf index, E ≥ const.|Q H | 3/4 , is saturated [22] by the classical background configuration, although the generic Hopf soliton is not of the BPS type. In this case, 0 ++ glueball mass is expressed as
by the energy of the Hopfion with non-zero Hopf index Q H . The non-perturbative dependence g −1 of the mass on the coupling constant is characteristic of the soliton. Our numerical calculations show M * = 465, V * 11 = 1274, U * 33 = 433 for (m = 1, n = 2; Q H = 2). By combining these results with those of numerical simulations of Yang-Mills theory on a lattice [20] : M 2 ++ /M 0 ++ = 1.46 ± 0.09, a parameter is determined to be C 4 = [3/(M * V * 11 (M 2 ++ /M 0 ++ − 1))] 1/2 : C 4 = 0.00303 ∼ 0.00369.
The ratio of the lowest glueball mass to the gauge-invariant gluon mass [2] due to (5) :
is determined from the ratio M 2 ++ /M 0 ++ alone:
This results supports that a glueball is composed of gluons. Another parameter Λ F is determined from an input mass M 0 ++ = (3.74 ± 0.12) √ σ ∼ 1.5GeV to be
The radius of the torus is a = Λ −1 F C 1/2 4ã = 1.64 ∼ 1.99(GeV) −1 = 0.17 ∼ 0.21fm, which is obtained by comparison to the Compton wavelength of the pion with mass 140MeV, 0.197/0.14 = 1.41fm. These results give an estimate of the gluon mass
and the numerical value of the dimension two condensate:
Conclusion and discussion
We have performed the collective coordinate quantization of the classical knot soliton solution obtained under the toroidal ansatz of the Faddeev model. Then we have identified the resulting energy spectrum with the glueball mass spectrum of the SU(2) Yang-Mills theory, supposing the Faddeev model is a low-energy effective theory of SU(2) Yang-Mills theory. We have used two input masses M 0 ++ and M 2 ++ obtained by numerical simulations of Yang-Mills theory on a lattice to determine two parameters in the Faddeev model for predicting glueball masses other than 0 ++ and 2 ++ . Thanks to the NLCV, we can expect that the gauge-invariant mass term 1 It has been also shown [23] that magnetic monopoles in QGD can be defined in the gauge-invariant way based on the NLCV. Then the Wilson loop average can be calculated from the linking number between the magnetic glue-knot and the electric Wilson loop. This will shed more light on the existence of mass gap in QGD and quark confinement in QCD. Extending this work to color SU(3) case will be done in a subsequent paper.
